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 3 
Abstract 
 
This thesis covers the experimental research and theoretical investigation of mid-infrared tunable 
optical vortex sources with versatile orbital angular momentum (OAM). Optical vortex with a helical 
wavefront exhibits interesting physical properties, including an annular spatial intensity profile and an 
OAM of ℓℏ owing to an on-axial phase singularity associated with its azimuthal phase term 𝑒$ℓ%, where ℓ is an integer, termed the topological charge, and F is the azimuthal angle. The optical vortex also 
shows a chirality, i.e. handedness, determined by the sign of the OAM. Such interesting properties of the 
optical vortex beam have been widely utilized in diverse applications, for instance, optical trapping and 
manipulation, quantum computing, laser scanning microscopy, materials processing, and coronagraphic 
techniques for astrophysics. These applications demand strongly the versatilities of wavelength and  
OAM states for optical vortex sources.  
In the thesis, we demonstrate, for the first time, the generation of optical vortices with versatile 
OAM states from a nanosecond optical parametric oscillator (OPO) by appropriately shortening 
or extending the cavity. We also verify the OAM conservation law among the signal (high energy 
photon), idler (low energy photon) and pump beams in this OPO. In particular, the system with a 
compact cavity configuration enables the production of a millijoule-level signal (idler) output 
with ℓ =1~3 (0~-2) simply by tuning the wavelength of signal output. 
Furthermore, the system further allows us to create coherently coupled OAM states, i.e. flower-
shaped signal and wheel-shaped idler outputs, arising from the coherent superposition of 
opposite-signed OAM states. Such OPO with versatile OAM states and wavelength tunability 
will be very useful in a myriad of applications, for instance, materials processing, optical trapping 
and manipulations, as well as optical communications. 
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Chapter 1      Introductions 
1.1   Background of the research 
 
In 1909, Poynting theoretically mentioned that a circularly polarized light field should carry 
angular momentum ±ħ, so-called spin angular momentum (SAM),based on classical physics 
[1]. In 1992, Allen et al. proposed that a light field with an on-axial phase singularity, i.e. optical 
vortex, has another form of angular momentum arising from its helical wavefront, that is orbital 
angular momentum (OAM) [2]. The Laguerre-Gaussian (LG) modes [3], conventional optical 
vortices, carry a well-defined OAM with a value of ±ℓħ per photon, where ℓ is the integer, 
called a topological charge, arising from the periodic boundary condition. 
Optical vortex has been widely attracting great interests in various applications, such as 
optical manipulation and trapping [4,9], super-resolution microscopes [10], materials 
processing [11,13], astrophysics [14,16], and space division communications [17,18]. 
The above-mentioned applications strongly require tunable optical vortex sources with 
versatile topological charges. Several nonlinear frequency extensions, such as second harmonic 
generation [19–20], sum or difference frequency generation and mixing [21], and stimulated 
Raman or Brillouin scattering [22] have been performed to extend the lasing frequency of 
optical vortex sources, so far. In particular, an optical parametric oscillator (OPO) is an efficient 
method to develop tunable optical vortex sources within a wide frequency range [23–25]. 
In this research, a widely tunable near infrared optical vortex source with versatile OAM 
states is developed by utilizing a singly resonant OPO. Also, flower mode generation formed 
of coherent coupling of OAM states is demonstrated. 
 
1.2   Thesis overview 
 
In the chapter 1, a brief introduction about the background of the research is given. 
In the chapter 2, optical vortex and its unique properties are introduced. Optical vortex has a 
spiral wavefront and OAM, owing to its on-axial phase singularity. The mathematical 
description of such physical properties is also given in this chapter. Next, I address several 
methods of direct generation of optical vortex beam.  
In the chapter 3, OPO based on a non-critical phase matching LiB3O5 (LBO) crystal are 
introduced.  
 12 
In the chapter 4, I present a singly resonant OPO, which allows the generation of optical 
vortex output with a topological charge ℓ of 3~-2 in a wavelength range 850–1301 nm.  
In the chapter 5, the generation of flower (wheel) modes (coupled OAM modes), formed by 
the coherent superposition of two OAM modes, is presented. I also address that this vortex 
source further can generate a higher-order vortex signal output with ℓs=2–4. The signal and 
idler outputs are then tuned within a wide wavelength range. 
Finally, in chapter 6, the main results of the experimental investigations are summarized.  
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Chapter 2      Optical vortex 
2.1   Brief introduction to optical vortex 
 
The optical vortex has a helical wavefront given by an azimuthal phase exp(iℓϕ) (in which ϕ 
is the azimuthal angle, and ℓ is the quantum number called the topological charge) (Figs. 2.1, 
2.2), and it carries unique physical features, for instance, a donut-shaped spatial intensity profile 
and an OAM of ℓℏ [1–6]. The optical vortex also shows a handedness determined by the sign 
of the OAM. Such optical vortex enables us to twist various materials, such as a metal, silicon, 
and azopolymer [8–13] to produce micro/nano-scale chiral structures and provide advanced 
technologies, such as chirality-sensitive nanoscale microscopes (e.g., atomic force microscopes 
with chiral sensitivity), and plasmon-enhanced chiral metasurfaces. 
 
Fig. 2.1 Helical structured phase fronts of the optical vortex beam. 
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Fig. 2.2 Intensity and phase distribution of the optical vortex beam. 
2.2   Theoretical formula of optical vortex 
 
Optical phenomena are all described by the Maxwell equations. The Maxwell’s equations in 
free space can be written as 
 𝛁 × 𝑬 + 𝜕𝜕𝑡 𝑩 = 0 (2-1) 
 𝛁 ×𝑯− 𝜕𝜕𝑡𝑯 = 𝐉 (2-2) 
 𝛁 ∙ 𝐃 = 𝜌 (2-3) 
 𝛁 ∙ 𝐁 = 0 (2-4) 
where E is the electric field vector (V / m), H is the magnetic field vector (A / m), D is the 
electric flux density vector (C / m2), B is the magnetic flux density vector (W / m2), ρ is the 
charge density (C / m3), and J is the current density vector (A / m2), respectively. 
Also, its sub-formulas confirm the field vector: 
 𝑫 = 𝜀𝑬 = 𝜀2𝑬 + 𝑷 (2-5) 
 𝐁 = 𝜇𝑯 (2-6) 
where P is the electric polarization vector, ε is the permittivity tensor, and μ represents the 
permeability tensor, respectively.  
Substitute these sub-equations into the eqs. (2-1) and (2-2),    
 𝛁 × 𝑬 + 𝜇 𝜕𝑯𝜕𝑡 = 0 (2-7) 
 𝛁 ×𝑯− 𝜖 O𝑬OP = 0. (2-8) 
 
By applying a rotation of the left side of the equation (2-7) 
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 𝛁 × (𝛁 × 𝑬) + 𝜇 𝜕𝜕𝑡 (𝛁 × 𝑯) = 0 (2-9) 
, we can then obtain 
 𝛁 × (𝛁 × 𝑬) + 𝜇 𝜕S𝜕𝑡S 𝑬 = 0 (2-10) 
 
Expanding the first term of eq. (2-10), we can obtain 
 𝛁S𝑬 = 𝜇 𝜕S𝜕S 𝑬 (2-11) 
Eq. (2-11) is called the electro-magnetic wave equation, whose solutions are the light waves 
propagating with the phas e velocity (𝜀𝜇)31 S⁄ [m/s]. The wave equation for the wave with a 
frequency w is written as 
 (𝛁S + 𝑘S)E = 0 (2-12) 
This formula is called the Helmholtz equation, where ∇S is the Laplacian written as, 
 ∇S= ∇PS + 𝜕S𝜕𝑧S = 𝜕S𝜕𝑟S + 1𝑟 𝜕𝜕𝑟 + 𝜕S𝜕𝑧S (2-13) 
, where k is the wave number, as expressed by  
 𝑘 = 2𝜋𝜆 	.	 (2-14) 
 
2.2.1   Gaussian mode 
 
The Gaussian beam is the lowest order eigen mode in space. There are several eigen mode 
families, such as the Hermite Gaussian (HG) mode, Laguerre Gaussian (LG) mode and so on 
[1, 2]. 
 
 
Fig. 2.3 Intensity profile and 3D model of the Gaussian beam. 
 
The Gaussian beam can be expressed as follows, 
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 𝐸(𝑟, 𝑧) = 𝐶𝜔(𝑧) × exp b− 𝑟S𝜔S(𝑧) − 𝑖𝑘 𝑟S2𝑅(𝑧)e 𝑒$f(g) (2.15) 
, where r is the radial distance from the axis center of the beam, 𝑘 = 2𝜋𝑛 𝜆i  is the wave 
number. The mode field radius ω(z) at the position z along the beam propagation direction is 
expressed as  
 𝜔S(𝑧) ≡ 2𝑘𝑧k (𝑧kS + 𝑧S) = 𝜔2S b1 + 𝑧S𝑧kSe 						 (2.16) 
 					𝜔2S = 2𝑧k𝑘  (2.17) 
 𝑅(𝑧) ≡ 𝑧 + 𝑧kS𝑧  (2.18) 
 𝜑(𝑧) = tan31 p 𝑧𝑧kq (2.19) 
, where zR is the Rayleigh length, R(z) is the curvature radius of the wavefront at z and φ(z) is 
the phase term, so-called the Gouy phase. For a fundamental Gaussian beam, the integral of 
the Gouy phase from the far-field through the waist and to the far-field is -π. 
 
2.2.2   Hermite-Gaussian (HG) mode 
 
Eigen functions of the paraxial wave equation with slowly varying amplitude approximation 
in the Cartesian coordinate system (x, y, z) are Hermite-Gaussian (HG) modes given by 
 𝐸(,)rs (x, y, z) = 𝐶(,)rs 1𝜔(𝑧)𝐻( b√2𝑥𝜔(𝑧)e𝐻) √2𝑦𝜔(𝑧)× exp b−𝑥S + 𝑦S𝜔S(𝑧) e expb− 𝑖𝑘(𝑥S + 𝑦S)2𝑅(𝑧) e exp	(𝑖(𝑚+ 𝑛 + 1)𝜓(𝑧) 
(2-20) 
 
 𝐶(,)rs = | 2𝜋𝑚! 𝑛! ∙ 23(~)S  (2-21) 
, where m and n are the mode indices along x and y axes, Hm (x) denotes the mth order Hermite 
polynomials, 𝐶(,)rs is a normalized constant of electric field, w(z) is the beam waist, R(z) is the 
complex curvature radius, and  is the Gouy phase, respectively. For m=n=0, this formula 
is reduced to the well- known fundamental Gaussian beam. 
 
ψ(z )
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Fig. 2.4 HG modes with the order of HG(). 
 
2.2.3   Laguerre-Gaussian (LG) mode 
The most conventional optical vortex is the Laguerre-Gaussian (LG) mode, an eigen mode of 
a paraxial wave equation in the cylindrical coordinate system. 
Laguerre-Gaussian beams are given by 
 𝐸+,ℓs(r, φ, z) = 𝐶+,ℓs 1𝜔(𝑧) b √2𝑟𝜔(𝑧)e|ℓ| 𝐿+|ℓ| √2𝑟S𝜔S(𝑧)
× exp− 𝑟S𝜔S(𝑧) − 𝑖𝑘𝑟S2𝑅(𝑧) + 𝑖(2𝑝 + |ℓ| + 1)𝜙(𝑧) 
(2-22) 
 𝐶+,ℓs = | 2𝑝!𝜋(𝑝 + |ℓ|)! (2-23) 
 𝐿+|ℓ|(𝑥) = (−1)|ℓ| 𝑑|ℓ|𝑑𝑥|ℓ| 𝐿+~|ℓ|(𝑥) (2-24) 
, where  𝐶+,ℓs  is the normalized constant, p and ℓ are the mode indices along radial and azimuthal 
axes, and 𝐿+|ℓ| is the generalized Laguerre polynomial [7].  
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Fig. 2.5 LG modes with the order of LG+ℓ. 
 
As shown in the Fig. 2.5, the fundamental LG beam with ℓ=p=0  is exactly identical with 
the fundamental Gaussian beam. When ℓ ≠0, the LG mode has a vortex phase term exp(iℓϕ). 
Interestingly, the LG modes exhibit multiple rings with p + 1 radial nodes.  
2.3   Applications of optical vortex 
Optical vortex has been attracting great interests in diverse applications, including optical 
manipulation [11], optical trapping [12-16], super-resolution microscopes [17-19], optical 
wireless communication [20-25], quantum computing [26-28], laser cooling [29-32], 
astrophysics [33-35], and materials processing [36-45]. 
OAM of optical vortex offers us advanced optical tweezers, i.e. optical spanners, in which 
the trapped particles are forced to rotate, as illustrated as Fig 2.6. The optical vortex can trap 
submicron particles to shape a ring (colloidal sphere), and it induces their orbital motion. 
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Fig. 2.6 (a) SLM phase mask to convert incident Gaussian TEM00 beam into an optical vortex 
with ℓ = 40. (b) Optical vortex produced by using a mirror at the focal plane. (c) Time-lapse 
image of a single particle moving along the orbital motion of optical vortex [46]. 
 
 
 
Fig. 2.7 (a) Excitation states. (b) Principle of super-resolution microscope based on the 
depletion method. Super resolution fluorescent signal is shaped by using a doughnut ‘erase 
beam’ [47]. 
 
The molecules in the higher energy levels En undergo non-radiative decay (without any 
fluorescence signals), while the molecules in E1 state relax radiatively to the ground state. As 
illustrated in Fig. 2.7 (a), an annular erase laser, which can excite the molecules to the higher 
energy level, is superimposed on a Gaussian pump beam, thereby depleting the fluorescence 
signal from the pumped region. The fluorescence signal from the molecules will be radiated 
only from the dark core of the erase laser. This technique enables us to develop an entirely 
novel laser scanning microscope with ultrahigh spatial resolution beyond the diffraction limit, 
so-called a ‘super-resolution microscope’. 
Furthermore, the optical vortex is able to twist various materials to produce chiral 
nanoneedles through a laser ablation process with the aid of spin angular momentum (SAM) 
originated from circular polarization [48]. In fact, the fabricated nanoneedle is twisted 
azimuthally towards the clockwise or the counter-clockwise direction, as shown in Fig. 2.8. 
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Fig. 2.8 SEM images of a helical nanoneedle created by an optical vortex with a TAM of −2 
(left image) and TAM of +2 (right image) [48]. 
 
Interestingly, the chirality of the twisted nanoneedles is perfectly determined by the 
handedness of the optical vortex. The SAM also reinforces the helicity of the created chiral 
nanoneedles. It is worth noting that the optical vortices with the same TAM are degenerate, so 
as to create nanoneedles with the same chirality and helicity. 
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Fig. 2.9 Simulated formation of twisted microfibers by the photopolymerization process (a)	ℓ  
= 1. (b)	Branched fibers produced by optical vortices with |ℓ|. (c), (d) Inset figures of the 
magnified regions showing clockwise helical microfibers created by 1st order vortex [49]. 
 
Also, the photo-polymerization of UV curing resins with an optical vortex has been 
investigated. The injected optical field undergoes optical spatial soliton effects through a photo-
polymerization process, thereby yielding an associated microfiber with lengths up to a 
submillimeter scale. The helicity of the microfiber is exactly assigned by the handedness of the 
injected optical vortex, as shown in the Fig. 2.9. These microfibers manifest the helical nature 
of the injected optical vortex field with OAM, and they will be potentially applied as a 
waveguide for optical vortex modes. 
2.4   Optical vortex generation 
 
There are many efficient methods to generate optical vortex modes, for instance, by using  a 
spiral phase plate (SPP) [50,51], a mode convertor[52], or a spatial light modulator[53-55]. 
Optical vortex can be also generated directly as an eigen mode from a laser cavity with a defect 
mirror and a bounce amplifier [56]. 
 
2.4.1   Spiral phase plate 
 
The SPP is formed of a continuous azimuthal phase step or segmented phase steps with a 
spatially varying optical thickness h to provide 2ℓp phase shift with a fundamental Gaussian 
mode, and it can easily generate an optical vortex. 
 
h
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Fig. 2.10 Schematic illustration of phase steps in the spiral phase plate 
 
The resulting output uout with azimuthal phase term of 	exp(𝑖ℓ𝜙)	is described by 
 𝑢 = exp(𝑖ℓ𝜙)𝑢2 (2-25) 
 ℓ = (𝑛1 − 𝑛S)ℎ𝜆  (2-26) 
, where h is the height of SPP, and n1 and n2 are the refractive indices of SPP and surrounding 
medium, as shown in the figure 2.10.  
The SPP has several advantages, such as high optical damage threshold, and high conversion 
efficiency, however, it is typically designed for a specified wavelength to inherently constrain 
the generation of tunable optical vortex. 
 
2.4.2   Spatial light modulator 
 
A holographic technique based on diffractive elements, such as a computer controlled spatial 
light modulator (SLM) formed of 2-dimensional arranged liquid crystal cells, is alternative [53-
55]. 
 
Fig.2.11 (a-c) SLM mask phase, (d-f) binary fork holograms for topological charges of ℓ = 
0,1,2, (g-i) simulated intensity profiles, (j-l) simulated phases, (m-o) experimental intensity 
profiles produced by SLM with ℓ = 0,1,2, respectively. 
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The SLM also allows us to appropriately design any phase step even with non-integer 
multiple of 2π, thereby generating a fractional optical vortex. However, it leads to the undesired 
non-diffracted incident beam without any OAM with severe diffraction loss. Moreover, the 
SLM is difficult to manage high laser powers, owing to its relatively low damage threshold 
arising from the absorption of the liquid crystal.  
 
2.4.3   Mode converters formed from cylindrical lenses  
 
A mode convertor is formed of two cylindrical lenses (focal length: f ) placed with the 
distance of , and it transforms a HG beam without OAM into a LG beam with OAM, owing 
to an appropriate Gouy phase shift between two orthogonal modes [57-58]. 
 
 
Fig. 2.12 (a) HG12 and HG21 modes form a 45-degree tilted HG21 mode. (b) HG12 and HG21modes form a right-handed LG21mode. (c) HG12and HG21modes form a left-handed LG231mode.  
The axis of the cylindrical lens is inclined to be 45° to the horizontal mode, and then, an 
incident HG01 mode is decomposed into HG01 and HG10. The difference of Rayleigh ranges 
along x and y-axes induces 2𝜋 phase shift between two orthogonal HG01 and HG10 modes, and 
thus, the first order optical vortex with OAM is generated. In general, the OAM of the generated 
f2
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LG mode is determined by the mode indices m and n of the HG modes, according to a simple 
relation, ℓ= ±|m − n|. 
The best solution to generate the high-power optical vortex is the direct generation of the 
optical vortex mode as an eigen mode from a laser cavity, for instance, a laser cavity 
configuration with a damaged output (or input) mirror [59,60], and a donut-shaped pumping 
geometry [61]. In recent years, a side-pumped bounce laser with a mode aperture formed of 
thermal lens in a gain medium [62,63] has also been proposed. Alternative is a master-oscillator 
power-amplifier based on a stressed fiber amplifier in combination with an off-axis coupling 
technique. 
2.5   Conclusion  
 
Above-mentioned methods are mostly designed to a specified laser wavelength. The OPO is 
an efficient and convenient way to generate high quality optical vortex output with a wide 
wavelength region. 
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Chapter 3      Nonlinear optics 
 
This chapter is a general introduction of the nonlinear phenomenon, mainly focusing on the 
second order nonlinear process. Nonlinear optics, based on the nonlinear interactions between 
optical field and materials, provides us energy exchange among  electromagnetic fields with 
different frequencies.  
3.1   Nonlinear polarization 
 
A polarization P induced by an optical electric field E is given as  
 𝑃 = 𝜀2(𝜒(1))𝐸 + 𝜀2𝜒(S)𝐸S + 𝜀2(𝜒())𝐸 +	⋅⋅⋅ (3-1) 
, where 𝜀2	is the permittivity of free space, 𝜒(1)is the linear susceptibility, 𝜒(S) and 𝜒()are the 
second and third nonlinear susceptive tensors of the medium. The term 𝜀2𝜒(S)𝐸S generates 
nonlinear three-wave mixing processes such as second harmonic generation (SHG), sum 
frequency generation (SFG), optical parametric oscillation (OPO) and difference frequency 
generation (DFG). 
3.2   Coupled wave equations 
 
In this section, a theory of second order nonlinear process based on coupled wave equations 
is mainly addressed. A second-order nonlinear process includes the interaction of three optical 
electric fields with frequencies  𝜔1, 𝜔S and 𝜔. 
The wave equation with the second-order nonlinear polarization can be expressed as follows: 
 ∇S𝑬 − 𝜇 𝜕S𝜕𝑡S (𝜀2𝑬 + 𝑷(1)) = 𝜇 𝜕S𝑷(S)𝜕𝑡S  (3-2) 
 ∇S𝑬 − 𝜇𝜀 𝜕S𝜕𝑡S 𝑬 = 𝜇 𝜕S𝑷(S)𝜕𝑡S . (3-3) 
The equation expresses the spatio-temporal behaviors of the optical fields E associated with 
the second-order nonlinear polarization P(2). The E is formed of three optical fields with 
frequencies of 𝜔1,	𝜔S, and	𝜔 in the nonlinear medium, and it is given by eq. (3-4). 
 𝐸(𝑧, 𝑡) =𝐸(( (𝑧, 𝑡) =𝐸((𝑧)exp[𝑖(𝜔(𝑡 − 𝑘(𝑧)] + 𝑐. 𝑐(   (3-4) 
The P(2) also includes the nonlinear polarizations with frequencies 	of	𝜔1 = 𝜔 −𝜔S,	𝜔S = 𝜔 − 𝜔1, and	𝜔 = 𝜔1 + 𝜔S, and it is given by eqs.(3-5)-(3-7). 
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 𝑃3(S) (𝑧, 𝑡) = 𝜀2𝜒𝐸𝐸S∗exp[𝑖(𝜔 − 𝜔S)𝑡 − (𝑘 − 𝑘S)𝑧], (3-5) 
 𝑃3(S) (𝑧, 𝑡) = 𝜀2𝜒𝐸𝐸1∗exp[𝑖(𝜔 − 𝜔1)𝑡 − (𝑘 − 𝑘1)𝑧], (3-6) 
 𝑃~(S) (𝑧, 𝑡) = 𝜀2𝜒𝐸1𝐸Sexp[𝑖(𝜔1 + 𝜔S)𝑡 − (𝑘1 + 𝑘S)𝑧], (3-7) 
Substituting eqs. (3.5)-(3-7) for eq. (3-2) and utilizing the slow varying approximation, the 
following equations can be obtained. 
 
𝑑𝐸1𝑑𝑧 = − 𝑖𝜔12 |𝜇𝜀1 𝑑𝐸𝐸S∗ (3-8) 
 
𝑑𝐸S∗𝑑𝑧 = + 𝑖𝜔S2 |𝜇𝜀S 𝑑𝐸1𝐸∗ (3-9) 
 𝑑𝐸∗𝑑𝑧 = + 𝑖𝜔S2 |𝜇𝜀S 𝑑𝐸1𝐸S∗ (3-10) 
These equations are termed the coupled-wave equations among three waves, in which	𝑑(=𝜀2𝜒)	is the effective nonlinear coefficient of nonlinear material and the relationship 	𝑘 −𝑘S = 𝑘1	is also established. 
These coupled wave equations describe the nonlinear interaction among three optical fields. 
The couple parameter	𝜅( is defined by eq. (3-11). 
 𝜅( = 𝜔(2 𝑑| 𝜇𝜀( (3-11) 
The coupled wave equations are then rewritten as follows: 
 𝑑𝐸1𝑑𝑧 = −𝑖𝜅1𝐸𝐸S∗ (3-12) 
 𝑑𝐸S∗𝑑𝑧 = +𝑖𝜅S𝐸1𝐸∗ (3-13) 
We assume that a strong pump wave at ω3 induces the simultaneous generation, amplification 
and oscillation of lower energy photons, signal and idler, with frequencies ω1 and ω2. Also, the 
pump power (𝜔) is assumed to be much larger than the signal (high energy photon, 𝜔1) and 
idler (low energy photon,	𝜔S) powers. The pump power is then considered as constant. Thus, 
eqs. (3-12) are simplified to be 
 𝑑𝐸1𝑑𝑧 = −𝑖𝑔1𝐸S∗ (3-14) 
 𝑑𝐸S∗𝑑𝑧 = +𝑖𝑔S∗𝐸1 (3-15) 
, where 𝑔( is often referred to as a gain constant. 
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 𝑔( = 𝜔(2 𝑑| 𝜇𝜀( 𝐸(0)    (3-16) 
By combining these equations, the formula written as 
 	𝑑S𝐸1𝑑𝑧S = 𝑔1𝑔S∗𝐸1 = 14𝜔1𝜔S𝑛1𝑛S p 𝜇𝜀2q 𝑑S|𝐸(0)|S (3-17) 
is obtained. The solutions for eqs. (3-14) and (3-15) are established as follows: 
 𝐸1(𝑧) = 𝐸1(0)cosh(|𝑔|𝑧) (3-18) 
 𝐸S∗(𝑧) = 𝑖 𝑔|𝑔| 𝐸1(0)sinh(|𝑔|𝑧) (3-19) 
 𝑔 = 12|𝜔1𝜔S𝑛1𝑛S p 𝜇𝜀2q 𝑑𝐸(0) (3-20) 
Thus, the following relationship between the signal (𝜔1)and idler (𝜔S) waves is established. 
 𝐸1(𝑧) = 𝐸1(0)cosh(|𝑔|𝑧) − 𝑖 𝑔|𝑔| 𝐸S∗(0)sinh(|𝑔|𝑧) (3-21) 
 𝐸S∗(𝑧) = 𝐸S∗(0)cosh(|𝑔|𝑧) + 𝑖 𝑔|𝑔| 𝐸1(0)sinh(|𝑔|𝑧) (3-22) 
When	|𝑔|𝑧 ≫ 1, both amplitudes of the signal and idler outputs increase exponentially, that is 
optical parametric amplification (OPA). It is worth noting that zero-point quantum fluctuations 
can act as a seed input, namely, injection of the signal or idler is not required. 
3.3   OPO 
 
The OPO is constructed by providing feedback at either or both the signal and the idler 
outputs from a parametric amplifier, as illustrated in Fig. 3.1. Thus, the nonlinear crystal is 
placed within an optical resonator. The parametric gain will balance the losses of the signal or 
idler or both at some pumping intensity, so called ‘threshold’[1].  
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Fig. 3.1 General schematic diagram of an OPO. The incident pump beam provides oscillations 
of signal and idler outputs (ωp=ωs +ωi) in an resonator with a nonlinear crystal. 
 
The coupled wave equations can be described by the following equations 
 
𝑑𝐴1𝑑𝑧 = −12𝛼1𝐴1 − 𝑖 𝑔2 𝐴S∗  (3-23) 
 𝑑𝐴1∗𝑑𝑧 = −12𝛼S𝐴S∗ + 𝑖 𝑔∗2 𝐴1 (3-24) 
, where the complex constant g is expressed as 
 𝑔 = ¨p𝜇𝜀2q|𝜔1𝜔S𝑛1𝑛S 𝐸(0)𝑑	. (3-25) 
Also, the spatial distributed loss constants are given as α1 and α2. When the parametric gain 
exceeds the losses, the steady state oscillation then occurs. Thus, the following relationship  
 𝑑𝐴1𝑑𝑧 = 𝑑𝐴S∗𝑑𝑧 = 0	. (3-26) 
are established. 
The phase matching condition can be also written as 
 𝜔𝑛 = 𝜔1𝑛1 + 𝜔S𝑛S	. (3-27) 
The refractive indices of a crystal depend on some factors, such as the frequency, crystal 
orientation, polarization, and temperature. For example, when the crystal orientation in the 
cavity is changed, the oscillation frequencies also will be changed in order to compensate for 
the change the indices. The phase matching condition will be then satisfied at new frequencies. 
Such mechanism is the origin of wavelength tunability in the OPO. 
The OPOs are, thus, commonly used as tunable coherent light sources in the visible, near-
infrared and mid-infrared regions [2,8].  
3.4   Lithium triborate (LiB3O5) LBO crystal 
 
Lithium triborate crystal, known as LBO (LiB3O5) [9], is a commonly used nonlinear optical 
crystal, and it exhibits a moderately high nonlinear coefficient, a high damage threshold, a wide 
acceptance angle, and an extremely small walk-off effect (type I and type II non-critical phase 
matching (NCPM) is possible) in a wide wavelength range, as shown in the Fig 3.2 and 3.3 
[10].  
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Both temperature NCPM and spectral NCPM (very wide spectral bandwidth) can be 
achieved at 1300nm by employing the LBO. Thus, the LBO is favorable for the green laser 
pumped near-infrared tunable sources [11,12]. 
 
Fig. 3.2 Wavelength tuning curves of type I LBO-OPO 
 
 
Fig. 3.3 Wavelength tuning curves of type II LBO-OPO 
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Chapter 4      Tunable near-infrared 
optical vortex parametric laser with 
versatile OAM state 
4.1   Theoretical analysis of versatile OAM states 
 
The nonlinear gain is conducted by the spatial overlap efficiency 𝜂ℓª(𝐿) between the pump 
beam Ep and the resonating signal output Esℓs in nonlinear crystal [1]. The 𝜂ℓª(𝐿) is expressed 
as follows:  
 
𝜂ℓª(𝐿) = ∫ 𝐸¬𝐸­ℓ® ∙ 2𝜋𝑟 ∙ 𝑑𝑟2¯∫ 𝐸¬𝐸­2 ∙ 2𝜋𝑟 ∙ 𝑑𝑟2¯
∝ ∫ 𝑟|ℓ±|exp p− 𝑟S𝜔¬Sq ∙ 𝑟|ℓª|2¯ expb− 𝑟S𝜔­S(𝐿)e ∙ 2𝜋𝑟 ∙ 𝑑𝑟∫ 𝑟|ℓ±|exp p− 𝑟S𝜔¬Sq ∙2¯ exp b− 𝑟S𝜔­S(𝐿)e ∙ 2𝜋𝑟 ∙ 𝑑𝑟  
(4-1) 
 
, where r and 𝜙 are the radial and azimuthal indices in a cylindrical coordinate, ℓs and ℓp are 
the topological charges of the signal output and pump beam, L is the effective cavity length,  
ωp is the mode field radius of the incident pump beam, and ωs(L) is the mode field radius of the 
signal at various cavity lengths. Note that the efficiency 𝜂ℓª(𝐿) is normalized by that of the 
pump beam and the Gaussian signal output. Therefore, 𝜂ℓª(𝐿) > 1  means that the optical 
vortex with ℓ³	undergoes higher parametric gain than that of the Gaussian output, so as to lase 
as an eigen mode. Therefore, the control of the overlap efficiency factor enables us to realize 
the selective control of OAM state. 
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Fig. 4.1 Normalized spatial overlap integrals based on the signal output with OAM of 2, 1 and 
0 at different cavity lengths. The incident pump beam is the1st order optical vortex. 
 
Figure 4.1 shows the spatial overlap efficiency as a function of cavity length. The pump beam 
is then a first order optical vortex with ℓ=+1. When the cavity is moderately compact (cavity 
length <70 mm), η2 is larger than η1, thus, interestingly, the signal output will lase at the 2
nd
 
order vortex mode. The resulting idler output will exhibit -1
st
 order vortex output, so as to 
satisfy OAM conservation law. When the cavity is extended (cavity length = 70~155 mm), η1 
exceeds η2. Thus, the signal output is forced to lase at the 1
st
 order vortex mode. Thus, the 
resulting idler output becomes a Gaussian mode. 
A further extended cavity (cavity length = 155~250 mm) will yield low spatial overlap η1 
below 1, thus, the signal output will operate at a fundamental Gaussian mode. It is noteworthy 
that further cavity extension (cavity length >250 mm) makes the cavity itself unstable to 
suppress the efficient lasing of the system. These signal and idler outputs with multiple OAM 
states can be easily produced merely by changing the OPO cavity length.  
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4.2   Experiments 
 
Figure 4.2 shows an experimental setup of the tunable optical vortex OPO system. A green 
nanosecond laser (wavelength: 532 nm, pulse duration: 10 ns, PRF = 100 Hz, M2 = 1.1) is 
conducted as a pump source, and its output is shaped to be an optical vortex with ℓ= +1 (Figs. 
2(a) and (b)) by employing a 16 segmented silica SPP. A NCPM LBO crystal (𝜃 = 90°, 𝜑 =0°, 3 × 3 × 45mm, AR-coated for 532 nm and 1064 nm) used is mounted on an oven to 
control its temperature within the range of 110.6~157.3 ℃ (Fig. 4.3). 
The singly-resonant resonator for the signal is formed of a high reflective flat input mirror 
for 0.65-1.05 μm and a 90% reflective concave output mirror (curvature radius, 500 mm) for 
800 nm.  
 
 
Fig. 4.2 Schematic diagram of a LBO-singly resonant OPO setup, (a) Incident pump beam 
profile and (b) self-referenced interference fringes showing OAM of 1. 
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Fig. 4.3 Theoretical and experimental wavelength tuning curves of signal and idler outputs as 
a function of LBO crystal temperature. 
 
The spatially separated signal and idler outputs are observed by Si and InGaAs cameras. The 
cavity length is then tuned within 50~250 mm to control the OAM states of the signal and idler 
outputs. The OAM states of the signal and idler outputs are also determined by using a self-
referenced interferometer, where the 1st order and -1st order diffracted beams via a transmission 
grating (10 lines/mm) are overlapped to produce fringes on the CCD camera. The pump beam 
is then a first order optical vortex with ℓ=+1.  
 43 
4.3   Results 
 
A compact cavity (cavity length=120 mm) encouraged the signal output to operate at a first-
order vortex mode with ℓ=+1, as evidenced by a ring-shaped spatial profile and a pair of Y-
shaped fringes, as shown in Figs. 4.4(a) and (b). The resulting idler output showed a Gaussian 
mode without any phase singularities. The extended cavity (cavity length = 230 mm) prevented 
the signal to lase at the vortex mode, thereby generating a Gaussian signal and a first-order 
vortex idler outputs (Figs. 4.4(g) and (h)).  
 
 
Fig. 4.4 (a, c) Spatial patterns and (b, d) self-referenced interference fringes of the 930nm signal 
and 1243nm idler outputs generated from an OPO with a compact cavity configuration (cavity 
length = 90mm). (e, g) Spatial patterns and (f, h) self-referenced interference fringes of the 
930nm signal and 1243nm idler outputs generated from an OPO with an extended cavity 
configuration (cavity length = 230 mm). 
 
The signal and idler outputs were tuned in the wavelength regions of 0.81~0.98 𝜇m and 
1.12~1.55 𝜇m, respectively (Fig. 4.5). Also, it is worth mentioning that the signal and idler 
outputs lase at a fractional vortex mode (non-integer OAM states) within the wavelength region 
of 0.98~1.12 μm owing to the doubly resonating signal and idler outputs [2]. 
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Fig. 4.5 Overall tuning curves of the signal and idler outputs with multiple OAMs generated 
from OPOs with further compact, compact and extended cavity configurations. 
 
A further compact cavity with a length of 60 mm forced both signal and idler to lase at vortex 
modes with OAM states with ℓ = +2 and -1, as evidenced by a pair of fork-shaped fringes for 
the signal output and a pair of Y-shaped fringes for the idler output (Fig. 4.6). 
 
 
Fig. 4.6 (a, d) Spatial forms and (b, e) self-referenced interference fringe patterns of the 930nm 
signal and 1243nm idler outputs from the OPO with a further compact cavity configuration 
(cavity length = 60 mm). (c) Magnified fringes around the dark center of the signal output. 
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These experiments are well supported by the theoretical analysis of parametric gain based on 
the spatial overlap efficiency	𝜂ℓª between the pump beam and signal output. Also, the signal 
and idler wavelengths were tuned to be 0.93 𝜇m and 1.24 𝜇m. The maximum signal and idler 
output energies were then measured as 2.16 mJ and 1.55 mJ at a maximum pump level (9.3 mJ), 
corresponding to optical-optical efficiencies of 23.2% and 16.7% (Fig. 4.7). 
 
Fig. 4.7 Power scaling of 2nd order 930nm signal and -1st 1243nm idler outputs in an OPO with 
a further compact cavity configuration (cavity length = 60mm). 
 
Interestingly, the compact cavity configuration enables us to produce the signal (idler) output 
with multiple OAM states merely by tuning the signal wavelength. The cavity length then 
remained unchanged. When the signal wavelength was below 0.80 𝜇m, the system encouraged 
the resonating signal output to operate at an unexpected 3rd order vortex mode. The signal 
output with a wavelength above 0.95 µm was also allowed to lase at a first order vortex mode. 
The resulting idler output also operated at -2nd order vortex or Gaussian mode (Fig. 4.9). The 
OAM states of the signal and idler outputs were also determined by performing a tilted focusing 
method based on LG-HG mode conversion [3]. 
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Fig. 4.8 Tuning curves of the signal and idler outputs generated from an OPO with multiple 
OAM states. The cavity configuration is compact (cavity length = 60mm).  
 
	
 47 
Fig. 4.9 (a~c) Spatial profiles of the signal outputs at wavelengths of 770 nm, 880 nm, and 952 
nm with OAM of 3,2,1. (d~f) Spatial profiles of corresponding idler outputs at wavelengths of 
1206 nm, 1345 nm, and 1721 nm with OAM of -2,-1,0. (g, h) Focused spatial forms of the 770 
nm signal and corresponding 1721 nm idler outputs by a tilted lens. They show |ℓ + 1| bright 
lobes. 
 
This phenomenon is also qualitatively explained by employing the spatial overlap efficiency 𝜂ℓª between the pump and signal outputs. The blue-shift (red-shift) of the signal wavelength 
undergoes a higher spatial overlap efficiency for the 3rd (1st) order vortex mode than that for the 
2nd order vortex mode associated with the shrinkage (expansion) of the cavity mode (Fig. 4.10). 
To fully understand this phenomenon, further investigation, including nonlinear gain 
competition effects between longitudinal and transverse modes, should be needed. 
 
Fig. 4.10 Normalized spatial overlap integrals based on the signal output with OAM of 3, 2 and 
1 at different lasing wavelengths. The cavity length is then fixed to be 60mm, that is a compact 
cavity configuration. 
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4.4   Conclusion 
 
We have demonstrated successfully the first generation of signal and idler outputs with 
multiple OAM states from a vortex pumped singly-resonant OPO system. This system allows 
vortex modes to lase at six different OAM states (ℓ=3~-2) of the signal or idler output, merely 
by controlling the signal wavelength. The OAM conservation law is then satisfied. This system 
will be extremely applied in a variety of fields, such as materials processing, and optical vortex 
generation in the mid-infrared or terahertz region. 
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Chapter 5      Coupled vortices 
generation 
5.1   Introduction to the coupled vortices 
 
 
 
Fig. 5.1 (a) 2D and (b) 3D spatial forms of a flower mode formed of LG modes with ℓ =±2. 
Superimposing two optical vortices with opposite OAM states produces interesting 
interference patterns, so-called a flower mode, showing a ring with 2ℓ  bright petals.  
 
 
 
Fig. 5.2 (a,b) Spatial forms and (d,e) phases of LG modes with ℓ = ±4.	(c) Spatial form and (f) 
phase of a 8 petaled flower mode formed of LG modes with ℓ = ±4. 
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Fig. 5.3 (a,b) Spatial forms and (d,e) phases of LG modes with ℓ = 6	and -2. (c) Spatial form 
and (f) phase of a wheel mode formed of LG modes with  ℓ = 6	and -2. 
 
Alternatively, a pair of LG beams with different OAM states produces a lattice with dark 
intensity regions surrounded by bright light, so-called a wheel mode. 
As shown in Fig. 5.3, the simulated wheel mode possesses a ring-shaped lattice accompanied 
by 8 dark petals (phase singularity) with a central dark core of LG-2 in the near-field. 
5.2   Applications of flower beam 
 
Both flower and wheel modes have the potential to be applied in a wide range of research fields, 
including quantum communication [1], optical trapping and manipulation [2]. For instance, the 
flower modes can be used to encode high-dimensional qubit states, as shown in Fig. 5.4. 
 
 
 
Fig. 5.4 Single-photon states formed of OAM states with ℓ =±2, ±3, ±20 respectively [1]. 
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Fig. 5.5 (a), (b)Simulated and (c), (d) experimental spatial forms of flower modes formed of 
LG modes with ℓ = ±2,±3. (e), (f) SEM images of four- and six-furcate slanted micropillars. 
(g), (h) Magnified SEM images of tilted four- and six-micropillar arrays. (i) Six-micropillar 
arrays trap the SiO2 particles. The distilled water solution mixed with SiO2 particles is dropped 
on the arrays. Free particles are washed away by distilled water [2]. 
 
A single exposure of flower mode also enables the high-speed fabrication of slanted 
micropillars beyond conventional direct laser printing. These kind of micropillars act as a 
powerful tool to trap SiO2 particles with ultrahigh efficiency (>90%). 
5.3   Experiments 
 
A pump source with rather low temporal coherence (coherent time~15 ps) allows the cavity 
to operate at the near OPG condition, and it enables us to create the coupled OAM modes. In 
general, two signal vortex modes with positive and negative OAM states undergo the identical 
spatial intensity overlap with the pump beam, thus, both vortex modes with positive and 
negative OAM states lase efficiently to produce the flower mode.  
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Fig. 5.6 Measured temporal coherence function of a pump source. 
5.4   Results 
 
The signal output lased at a 4 petaled flower mode (Fig. 5.7(a)). Such flower signal mode u(r, 𝜙) manifests the coherent coupling of two vortex modes with ℓs and -ℓs, given as follows: 
 𝑢(𝑟, 𝜙) ∝ 𝛼 ∙ 𝑟|ℓª|𝑒3º »¼½𝑒$ℓª¾ + 𝛽 ∙ 𝑟|ℓª|𝑒3º »¼½𝑒3$ℓª¾ (5-1) 
 𝛼S + 𝛽S = 1 (5-2) 
, where r and 𝜙  show the radial and azimuthal components in a cylindrical coordinate, 
respectively, and 𝜔0 is the beam waist of the vortex mode. This theoretical formula with ℓs=2 
supports well the experimental data (Fig. 5.7(g)). The factor 𝛼 was then fixed to be 0.32. The 
focused flower mode also exhibited the X-shaped fringes, consisting of the orthogonal HG0,2 
and HG2,0 modes, by using a cylindrical lens (Fig. 5.7(d)) [3,4]. 
The signal output was tuned towards the blue, then, the system forced the signal to lase at 
further higher-order (±3th or ±4th) 6 or 8 petaled flower modes with a larger dark core (Figs. 
5.7(b), (c) and (e), (f)). A maximum 930 nm signal output energy was measured to be 1.18 mJ 
at a maximum pump level (7.7 mJ), corresponding to an optical-optical efficiency of 15.3%. 
The signal mode size ws is, in general, proportional to the signal wavelength. Thus, the signal 
output can lase in further higher-order (±3rd or ±4th) 6 or 8 petaled flower modes, as the signal 
wavelength shifts toward the blue (Figs. 5.7(h) and (i)). 
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Further experimental investigation and theoretical analysis, including gain dynamics, 
transverse and longitudinal mode competition, and thermal effects, will be needed to 
understand fully such the mechanism of the flower mode generation. However, it is beyond the 
scope and motivation of this current work. 
 
 
Fig. 5.7 (a–c) Spatial forms of flower modes formed of LG modes with ℓs=±2, ±3, and ±4. (d–
f) X-shaped fringes produced by focused signal outputs by a tilted lens. (g–i) Simulated spatial 
forms of flower modes formed of LG modes with ℓs =±2, ±3 and ±4. The factor 𝛼 in eq. (6-1) 
is fixed to be 0.32. 
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Fig. 5.8 Power scaling of 930 nm flower mode and 1243 nm wheel mode. 
In order to establish the OAM conservation law among the pump, signal and idler, the idler 
exhibited a wheel mode, manifesting the coherent superposition of two optical vortices with 2-
ℓs and 2+ℓs given by the expression 𝑢(𝑟, 𝜙) ∝ 𝛼 ∙ 𝑟|S3ℓª|𝑒3º ÀÁ¼½𝑒$(S3ℓª)¾ + 𝛽 ∙ 𝑟|ℓª~S|𝑒3º ÀÁ¼½𝑒3$(ℓª~S)¾         (5-3) 
 
The theoretical formula (𝛼= 0.32) in eq. (5-3) also supports the experimental results, as shown 
in Fig. 5.9. Note that the 1243 nm idler energy was then measured as 0.49 mJ, corresponding 
to an optical-optical efficiency of 6.4%. 
 
 
Fig. 5.9 (a–c) Spatial forms of idler wheel modes formed of LG modes with ℓi=0 & 4, -1 & 5, 
and -2 & 6. (d–f) Simulated spatial forms of idler wheel modes. 
5.5   Discussion 
 
It is noteworthy that the signal output occasionally exhibits a ring-shaped profile formed of 
incoherent coupling (phase-unlocking) of the LG modes with ℓs and -ℓs. The resulting idler then 
shows a double-ring profile, which manifests incoherent superposition (phase-unlocking) of the 
LG modes with ℓp-ℓs and ℓp+ℓs. Such temporal switching of coherent and incoherent 
superposition between two LG modes will be theoretically investigated as a future work. 
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Fig. 5.10 (a–c) Spatial forms of signal ring modes generated by incoherent superposition of LG 
modes with ℓs=±2, ±3, and ±4. (d-f) Spatial forms of idler double ring modes generated by 
incoherent superposition of LG modes with ℓi=-4 and 0, -3 and 1, and -2 and 6. 
 
Also, the mixed vortex mode output, formed of incoherently coupled LG and Gaussian modes, 
was produced within the wavelength region of 955–1200 nm, owing to the double resonance 
of the signal and idler (Fig. 5.11). 
 
 
Fig. 5.11 Spatial forms of (a) 1020 nm signal and (b) 1112 nm idler outputs from the OPO 
under double resonant condition. 
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5.6   Conclusion 
 
We have successfully presented the first generation of flower (wheel) modes (coupled optical 
vortex modes), formed by the coherent coupling of two optical vortex modes, simply by 
employing a pump source with low temporal coherence.  
Such flower and wheel modes will offer us new physical insights and advances in optical 
science and photonics, and they will also be potentially useful in a myriad of fields, such as for 
optical trapping and manipulation [5]. Furthermore, the system will be potentially extended to 
produce flower or wheel modes in the mid-infrared or terahertz regions.  
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Chapter 6      Conclusion   
 
6.1   Summary 
 
Optical vortex carries a ring-shaped spatial profile and OAM owing to its helical wavefront, 
and it has been widely investigated in many fields, such as optical manipulation, materials 
processing, and super-resolution microscopy. These applications desire strongly tunable optical 
vortex sources with wavelength and OAM versatilities. 
I have proposed a widely tunable near-infrared vortex source with versatile OAM states by 
employing a singly resonant NCPM-LBO OPO. The system then allows the lasing of optical 
vortex outputs with six different OAM states simply by tuning the signal wavelength. 
Also, this system enables us to generate flower (wheel) modes, manifesting coupled optical 
vortices only by using a pump source with low temporal coherence. Such optical vortex laser 
source also generates a further higher-order vortex signal output with ℓs=2–4 simply by 
replacement of the pump source with high temporal coherence. The signal and idler were tuned 
within wavelength ranges of 745–955 nm and 1200–1855 nm, respectively. The maximum 
signal energy was measured as 1.2 mJ with an optical efficiency of 15.6%.  
Such system will be potentially promising to develop the mid-infrared optical vortex source 
with versatile OAM states by employing a difference frequency generator.  
6.2   Future work 
 
A singly resonant cavity for idler will produce optical vortex at a mid-infrared region. Also, 
this system will be extended to generate the optical vortex output in a far-infrared region by 
employing difference frequency generation.  
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Fig. 6.1 Schematic diagram of LBO-OPO with a singly resonant cavity configuration for idler 
output. 
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Appendix 
A.1   Spectral linewidth measurement 
 
   A temporal coherence of the light source is explained by the visibility of interference 
fringes with various optical propagation length differences [1]. When two laser beams interfere 
with the path length difference of	𝑙	(Fig. a.1), the interferometric pattern is expressed as 
 𝐼 = 𝐼1 + 𝐼S + 2Ä𝐼1𝐼S ⋅ 𝛾(𝑙) ⋅ cos	𝑘𝑥 (a.1) 
, where 	𝛾(𝑙)	 is the coherence function. The coherence function satisfies the following 
relationship given by 
 𝑉(𝑙) = 𝐼(ÇÈ − 𝐼($)𝐼(ÇÈ + 𝐼($) = 2Ä𝐼1𝐼S𝐼1 + 𝐼S ⋅ 𝛾(𝑙) (a.2) 
, where 	𝑉(𝑙)	 is the fringe visibility, 	𝐼(ÇÈ	and 	𝐼($)	are also the maximum and minimum 
intensities of the fringes. 
 
 
Fig. a.1 Michelson interferometer and fringes. 
 
Such fringes can be observed when the delay is less than coherence length	𝑙É written by 
 𝑙É = 𝑐𝜏É (a.3) 
, where	𝜏É	is often defined as a coherence time.  
The general relationship between the coherence time and the spectral bandwidth Dw is 
established as follows: 
 𝜏É = 2𝜋Δ𝜔 = 1Δ𝑓. (a.4) 
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Fig. a.2 Measured visibility of fringes by employing Michelson interferometer. 
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